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PREFACE. yi

The extended calculations required by some of the applications of trigonom-

etry, are laborious even to experienced computers; to beginners they are often a

fruitful source of discouragement. Experience in making calculations and famil-

iarity with the formulas employed will suggest those methods of arrangement by

which skillful computers shorten their work and save much of their time. It should

always be the aim, to secure the results to the degree of accuracy required, by a

minimum expenditure of time and labor. So far as the mechanical part of the work

is concerned, the principal factors leading to this end, are, the proper arrangement
of the formulas to be used before the computation is begun, the use of conveniently

arranged tables, containing needed helps for facilitating interpolation, and the use

of no more places of decimals than are necessary to secure the desired accuracy in

the results.

Orderly arrangement is almost indispensable to correct and rapid computation,

and, consequently, the practice of making computations on loose scraps of paper,

without systematic arrangement, should not be followed. In the beginning an

outline of the entire solution should be made by writing the symbols of the quanti-

ties to be used in a vertical column. Those which are to be combined, as shown by
the formulas, should be placed adjacent. In the same solution, turning more than

once to the same place in the tables should be avoided. This can be done by taking
from the tables at one opening, all the functions of a given angle, which are required
in the solution, and, writing them in their proper places.

The logarithmic and other tables employed should be conveniently arranged.

They should contain the auxiliary tables of proportional parts on the margins of the

pages, excepting where the differences are so small that the interpolations can easily

be made mentally without them.

The number of places of decimals to be used in any computation, will depend

upon character of the data employed and also upon the degree of accuracy required
in the results. Where the data are given with great precision and the results to be

derived from them, are required with extreme accuracy, tables to seven and in rare

cases even to ten or more places of decimals must be used. But for nearly all ordi-

nary calculations such precision is not required, and the accuracy of the results

obtained by the use of logarithms to five places of decimals, is amply sufficient. The
use of this number affords results which are usually correct to one ten-thousandth

part. In calculations where this degree of accuracy is not required, a smaller num.
ber of places of decimals should be used. In such cases it is frequently more
convenient to use natural numbers and the natural trigonometric functions instead

of their logarithms.
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V PREFACE .

In compiling this book of tables for general use, the needs of students and of

computers have been kept in view. In selecting the arrangements of the tables,

those have been taken which experienced computers lind most convenient. They are,

at the same time, those which are best adapted to the needs of students. The book

contains a large number of useful tables, and, it is believed, that all needed helps are

given for facilitating interpolation. For this purpose auxiliary tables of propor-

tional parts are given on the margins of the pages throughout the logarithmic

portions of the book. In general, the differences in the table of the natural trigono-

metric functions are so small, that the interpolations can easily be made without the

use of the tables of proportional parts. They are, therefore, omitted in this table

and also in the table of squares, etc., where interpolations are seldom necessary.

Throughout the greater part of the book, every tenth number is enclosed by

parallel lines and a space is left between every three numbers. This is for the pur-

pose of giving the pages a pleasing appearance and of enabling the values to be

readily found. In the trigonometric tables, it has been the aim to secure a sym-

metrical arrangement, so that in reading from the bottom of the page, the order is

the same as that from the top.

The auxiliaries S and T are given at the bottoms of the pages in the table of

the logarithms of numbers. They are always used in connection with the logarithms

of numbers, and, consequently, this arrangement is more convenient than having

them in a separate table. Their arithmetical complements C S and C T are given in

the table of the logarithms of the trigonometric functions.

The tables of addition and subtraction logarithms are based on those of Zech.

The argument is always obtained by subtracting the smaller from the larger loga-

rithm. In addition the function is always added, and in subtraction it is always

subtracted from the larger logarithm. On account of these uniform ways of pro-

ceeding, these tables are more convenient than the usual Gaussian tables.

Great care has been taken to secure accuracy in the tables. The proofs have

been read very carefully. Excepting in the introduction and in the table of con-

stants, only four errors have been detected in the first edition. The correct values

of the mantissae of the logarithms of 5360 and 5489 are .72916 and .73949; the square

of 881 is 776161; the cube root of 1008 is 10.0266. All known errors of the first edition

have been corrected *in this one.

Acknowledgment is due to Mr. Taka Kawada, student in the University, for

much careful assistance in reading the proofs of both editions, and to Professor

W. W. Campbell, Astronomer in the Lick Observatory, for valuable suggestions and

for permission to use the collection of formulas resulting from the method of least

squares, contained in his Practical Astronomy.

W. J. IIUSSEY.
ANN ARBOR, MICH., March 12, 1892
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INTRODUCTION.

Logarithms are used in lengthy numerical calculations to diminish the labor

of multiplication, division, involution and evolution, by respectively substituting

for them the operations of addition, subtraction, multiplication and division.

The rules for their use are as follows :

The logarithm of a product is equal to the sum of the logarithms of its

factors.

The logarithm of a quotient is equal to the logarithm of the dividend, minus
the logarithm of the divisor.

The logarithm of any power of a number is equal to the logarithm of the

number multiplied by the index of the power.

The logarithm of any root of a number is equal to the logarithm of the number

divided by the index of the root.

Or, expressed in formulas,

log A =n log A, log PA =

These rules are true for all systems of logarithms. The Common Logarithms
are the only ones used in numerical calculations and in the following pages they are

always meant unless the contrary is stated.

The common logarithm of a given number is the index of that power of 10

which is equal to the number. Thus, 2 is the logarithm of 100, because 102 = 100;

this equation is usually written log 100 = 2. 10 is* the base of the system. A system

of logarithms comprises the logarithms of all positive numbers to a given base.

From the definition of common logarithms it follows, that

logl =
0, log 0.1 =

1,

log 10 = + 1, log 0.01 =
2,

log 100 = + 2, log 0.001 =
3,

log 1000 = + 3, log 0.0001 = 4,

etc., etc.,

from which it is evident, that logarithms are, in general, not integers. Thus, the

logarithm of a number between

0.01 and 0.1 is 2+ a fraction,

0.1 and 1 is l-\-a fraction,

1 and 10 is + a fraction,

10 and 100 is 1+ a fraction,

100 and 1000 is 2 -f a fraction.

The fractional part of a logarithm is usually expressed decimally and is so

taken as to be positive. It is then called the mantissa, and the integral part is called

the characteristic.

vii



Vlll INTRODUCTION.

Changing the decimal point in a number is equivalent to multiplying or

dividing it by an integral power of 10; consequently, the logarithms of numbers
which are the same, excepting the position of the decimal point, differ by integers.
Thus the logarithm of 389.4 is 2.59040, and since 38940 = 100 X 389.4, the first rule for

the use of logarithms gives

log 38940 = log 100+ log 389.4

= 2 +2.59040 = 4.59040.

Similarly,

log 3.8940 = log .01+ log 389.4

= 2 +2.59040 = 0.59040.

Hence,
The mantissas of the logarithms of all numbers composed of the same figures

in the same order, are the same.

The value of the characteristic depends upon the position of the decimal

point in the number. An inspection of the above table shows, that

The characteristic of the logarithm of a number, partly or wholly integral, is

zero or positive, and one less than the number of figures in the integral portion ;

The characteristic of the logarithm of a pure decimal is negative, and one

more than the number of ciphers preceding the first significant figure.

Examples: The mantissae of the logarithms of 349600, 3496, 3.496, .003496 are

the same, being .54357; their characteristics are +5, +3,0 and 3, respectively.

Thus, log .003496 = 3.54357, the minus sign being placed over the characteristic to

indicate that it only is negative.

The rule given above for determining the characteristic of the logarithm of a

pure decimal is strictly correct, and so also is the manner of writing the negative
characteristic. In computing, however, it is not desirable to use the characteristics

in the manner indicated. It is preferable to add 10 to logarithms having negative
characteristics and to allow for the increase by a proper interpretation of the results.

When so increased the characteristics may, in all operations, except in some cases

in the extraction of roots, be treated as if they were positive. When written in this

manner, the rule for their determination is as follows:

The characteristic of the logarithm of a pure deimal is 9, diminished by the

number of ciphers preceding the first significant figure.

Examples: The characteristics of the logarithms of .8437, .02804, .000105 and

.000009207 are respectively 9, 8, 6 and 4.

The logarithmic trigonometric functions, and the logarithms of constants less

than unity contained in these tables, have had their characteristics increased bv 10.

In finding the logarithm of a root an apparent difficulty arises when the char-

acteristic is negative and is not a multiple of the index of the root. The difficulty

disappears by increasing the characteristic negatively by the smallest number which

will make it such a multiple and by increasing the mantissa positively by the same

number. Thus, the logarithm of .003392 is 3.53046. The logarithm of its square

root is obtained by writing its logarithm in the form 4+ 1.53046 and dividing by 2,

the index of the root. This gives 2+ .76523, or 2.76523, or 8.76523.

A better way of proceeding is to add 10 times the index of the root to the log-

arithm and then divide by the index of the root. Thus, in tluM-xamplc irivm. adding

20 to the logarithm of .003392 and dividing by 2, gives 8.7(>523, which is tin* logarithm

of the square root. By adding 30 and dividing by 3, the logarithm of the cube root

is obtained. Tin- logarithm of the cube root of .003392 is 9.17'

The arithmiit'ul r,,mplement of a logarithm is the dinVrence obtained i.y

subtracting it from 0, or from 10, if it is desired to avoid negative characteristics.
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It is easily obtained by subtracting each figure of the logarithm, except the last

significant one, from 9; the last significant figure must be subtracted from 10.

Thus, log 2763 = 3.44138, and its arithmetical complement is 6.55862. It is to be

noticed, that the logarithm of the reciprocal of a number, is the arithmetical com-

plement of the logarithm of the number; for example, log ^-^ = 6.55862.

Since the sine and cosecant, cosine and secant, tangent and cotangent are

reciprocals, their logarithms ara arithmetical complements. Thus, log sin 22 18'

24"= 9.57928, and log cosec 22 18' 24"= 0.42072
; log cos 22 18' 24"= 9.96622, and

log sec 22 18' 24"=0.03378; log tan 22 18' 24"= 9.61306, and log cot 22 18' 24"=

0.38694.

A dash printed over a terminal 5 indicates that the true value is less than 5.

For example the logarithm of 59903 to seven decimal places is 4.7774486; to five

decimal places this is written 4.77745. If only four decimal places are required in a

computation, the 5 is neglected. Thus, the above logarithm is written 4.7774.

When a dash is not printed over a terminal 5, and only four decimal places

are required, the fourth decimal figure is increased by one and the 5 neglected. For

example, the logarithm of 7671 to five decimal places is 3.88485; to four decimal

places this is written 3.8849.

TABLE I

Pages 2-3 contain the mantissae of the logarithms of all numbers of one, two

and three figures; the characteristics are determined by the rules previously given.

If the number has one or two figures, it is given in the first column, headed !N", and

the mantissa of its logarithm is directly opposite it in the second column, headed L.

Thus, log 3=0.47712, log 24 = 1.38021, log .067 = 8.82607. If the number has three

figures, the first two are given in the first column and the third in the horizontal

row at the top or bottom of the page, and the mantissa of its logarithm is at the

intersection of the line containing the first two figures and the column containing

the third. Thus, log 184 = 2,26482, log 89.1= 1.94988, log 9.37 = 0.97174.

Pages 4-21 contain the mantissae of the logarithms of numbers from 100 to

10009. The arrangement is similar to that just described. The first three figures of

the number are given in the first column and the fourth in the horizontal row at

the top or bottom of the page. The last three figures of the mantissae are given in

the columns headed 0, 1, 2, 3, 4, 5, 6, 7, 8, 9, and the first two. at intervals, in the

second column under L. When the first two are not given in any line, they are to

be taken from the first line above containing them, except, when the last three are

preceded by a *, in which case they are to be taken from the next line. Thus, (p. 13)

log 5764 = 3.76072, log 58.35 = 1.76604, log .5889 = 9.77004.

When the number has more than four figures, its logarithm is found by inter-

polation. For small differences, it is assumed, that differences between numbers

are proportional to the differences between their logarithms. For example, required

the logarithm of 168.342. The number has three orders of integers, hence the

characteristic is 2. Disregarding the decimal point, the number is 168342. The

round numbers, having four significant figures, next smaller and next greater than

this, are 168300 and 168400, and their mantissae are (p. 5) .22608 and .22634. These

numbers differ by 100, their mantissae, by 26. 26, being the difference between two

successive values in the table, is the tabular difference. 168342 is 42 greater than

168300, hence its mantissa is TVg- of 26 (= 11, to the nearest integer,) greater than that

of 168300. Therefore, log 168.342 = 2.22619. Similarly, log 39.6427= 1.59816.
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To facilitate interpolation, the tenths of the tabular differences are given
under P P, (proportional parts). Thus, from the proportional table for 26, (p. 5),

the proportional part for 4 10.4

& " " "
2 = .52

Therefore,
" " 42 = 10.92,

or 11, to the nearest integer, which agrees with the value above.

By reversing these operations, the number corresponding to a given logarithm

may be found. For example, find the number of which 1.47384 is the logarithm.
The next smaller mantissa (p. 7) is .47378. It corresponds to the number 2977. The
difference between it and the next greater mantissa, .47392, is 14, while the differ-

ence between it and the given mantissa is 6. The figures following 2977 are obtained

by dividing 6 by 14, giving 43. Hence, the number is 29.7743. The interpolation is

facilitated by using the proportional table for 14. In it, 5.6 is the value next smaller

than the given difference 6; 4, the fifth figure of the number, corresponds to 5.6.

The difference between 6 and 5.6 is .4, which becomes 4.0 by removing the decimal

point one place to the right. Corresponding to 4.0, the nearest value is 3, this is the

sixth figure of the number. The interpolations, where proportional parts are given,

should be made mentally, the results only being written.

The logarithmic sines and tangents of small angles may be found by means of

the values of S and T, given at the bottoms of the pages. The formulas for their use

are as follows:

log sin = log arc+ S,

log tan = log arc -f-T,

the angle being expressed in seconds of arc. The value of S or T, to be used in any

case, is that which corresponds to the angle.

Example 1. Find log sin 3".4785.

log 3.4785 = 0.54139 p. 8.

8 = 4.68557 p. 2.

log sin 3".4785= 5.22696.

Example 2. Find log tan 1 U' 17".84 =log tan 4457".84.

log 4457// .84 = 3.64912 p. 10.

T = 4.68564 p. 10.

log tan 1 W 17".84 = 8.33476.

TABLE II.

When the logarithms of two numbers are given and the logarithm of their sum

or difference is required, it may be found by using the addition or subtraction table

The equations at the bottoms of the pages, 24-36 inclusive, indicate the manner of

using these tables. In interpolating, it is to be noticed that the function B decreases

as the argument A increases; consequently, the proportional parts must be sub-

tracted instead of added.

Example 1. Given, log a = 0.98519 and log b = 0.64834. Required log (a + 6).

log a = 0.985 19

log 6 = 0.64834

A = log a - log 6 = 0.33685

B = 0.16448 p. 24.

log (a + 6) = log a+ B = 1.14967.

In this case the tabular difference is 31, the proportional table for 31 gives 28

as the proportional part corresponding to 85, the last two figures of A ; subtracting
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26 from 0.16474, the value of B in the table corresponding to a value of A = 0.33600,

gives 0.16448. This is the value of B corresponding to A = 0.33685.

Example 2. Given, log a and log 6, as in Example 1. Required log (a- 6).

In this case x = log a log 6 is >.3, and, as above,

A = log a log 6 = 0.33685

B= 0.26794 p. 29.

log (a 6) = log a B = 0.71725.

Example 3. Given, log a = 0.74346 and log b = 0.59484. Required log (a 6).

In this case x = log a log 6 is <.3, and

B = log a log 6 = 0.14862

A = 0.53790 p. 33.

log (a 6)
= log a A = 0.20556.

TABLES III AND IV.

These tables, pp. 37-106, contain the logarithms of the trigonometric functions.

The headings of the pages and columns indicate what they contain. The degrees

are given at the tops, and bottoms, of the pages. On pp. 37-49, the minutes and each

ten seconds are given in columns at the left and right, headed '
", and the odd

seconds are given in a horizontal row at the top and bottom of each page. On

Pp. 50-106, the minutes are given in columns at the left and right, headed '
;
and on

pp. 50-60, each ten seconds is given in a horizontal row at the top and bottom of each

page. The columns of minutes on the left read downward; the horizontal rows at

the top, from left to right; these go with the degrees at the tops of the pages. The

columns of minutes at the right and the horizontal rows at the bottom, read in the

opposite directions, and go with the degrees at the bottoms of the pages. On pp. 62-

106, the tabular differences of the logarithmic sines and cosines are given in the

columns headed d (difference), and those of the logarithmic tangents and cotangents

in the columns headed c d (common difference)*

Example 1. Find log sin 37' 24".37.

Page 44. log sin 37' 24" = 8.03659 Tabular difference = 19.

proportional part for 3 = 5.7

^ " " " 7= 1.33

log sin 37' 24".37 = 8.03666.

The tabular difference is 19 and the proportional table for 19 (p. 45), is used to

facilitate the interpolation. The tabular difference is obtained by subtracting log

sin 37' 24' = 8.03659 from log sin 37' 25" = 8.03678. In performing this subtrac-

tion, only the final figures of the logarithms need be used. Thus, in this case, sub-

tract 59 from 78. The interpolation should be made mentally and only the final

result written.

Example 2. Find log tan 42' 17".48.

Page 47. log tan 42' 17" =8.08992 Tabular difference 17.

proportional part for .48 = 8.16

log tan 42' 17".48 = 8.09000.

Example 3. Find log cos 57' 19".

This is given without interpolation in the first column of page 48, the first

figures being given at the top of the column. The value is 9.99994.

Example 4. Find log cos 89 43' 26".4.

Page 40. log cos 89 43' 26" = 7.68296 Tabular difference = 44.

proportional part for 4 = 17.6

log cos 89 43' 26".4 = 7.68278.
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The proportional part is subtracted, because the cosine, here, decreases as the

angle increases.

Example 5. Find log sin 3 27' 44".6.

Page 54. log sin 3 27' 40" = 8.78083 Tabular difference = 35.

proportional part for 4 = 14.0

^ " " 6 = 2.1

log sin 3 27' 44".6 = 8.78099.

Also from pages 54 and 55,

log cos 3 27' 44".6 = 9.99920.

log tan 3 27' 44".6 = 8.78178.

Example 6. Find log tan 8 33' 17".4.

Page 70. log tan 8 33' 00" = 9.17708 Tabular difference = 86

proportional part for 10 = 14.3
" "

7 =
. 10.0

rV
" " " 4 = .57

log tan 8 33' 17".4 = 9.17733.

Example 7. Find log cot 56 43' 24".7.

Page 95. log cot 56 43' 00" = 9.81721 Tabular difference = 28.

proportional part for 20 = 9.3
" " 4 = 1.9

iV
" " " 7= .33

log cot 56 43' 24".7 = 9.81709.

When the logarithm of a trigonometric function is given, the angle may be

found by reversing the above operations.

Example 8. Given, log tan x = 9.87258. Find x.

In the column of logarithmic tangents on page 98, we find log tan 36 42' =
9.87238, with the tabular difference 26. The difference between this logarithm and

the given one is 20. The proportional table for 26 gives

proportional part for 40 = 17.3

" " 6 = 2.6

TV
" " " 2 = .09

consequently
" " "

46.2 = 19.99, or very nearly 20.

Hence the number of seconds is 46.2, and the required angle is 36 42' 46".2.

"When a very small angle is to be found by means of its logarithmic sine or

tangent, and accuracy is desired, the arithmetical complement of S or T, pp. 2-21,

should be used. These are given in the columns headed C S and C T, pp. 62-64.

The formulas for their use are as follows:

log arc = log sin+ C S,

log arc = log tan -f- C T,

the angle being expressed in seconds of arc. The value of C S or C T to be used in

any case, is that which corresponds to the angle.

Example 9. Given, log sin x = 6.82973. Find x.

The value of x, (see p. 62), lies between 2' and 3', or between 120" and

180", and, corresponding to this,

08 = 5.31443

log arc = 2.144 16.

The number corresponding to the logarithm 2.14416 is, (p. 4), 139.368. There-

fore, x = 139".368 = 2' 1U".308.
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It is sometimes required to find the logarithm of one trigonometric function

from that of another, without requiring the angle. To facilitate this, special pro-

portional tables, headed with the tabular differences of both functions, are given,

(pp. 71-106), wherever the space admits it.

Example 10. Given, log tan x = 9.67644. Required log cos x.

The difference between the given logarithm and that given in the table,

9.67622, (see p. 87, opposite 25 23'), is 22. The tabular differences of the two

logarithmic functions at this place are 32 and 6. In the proportional table for s%, 22

corresponds to 4; this, subtracted from the tabular logarithmic cosine 9.95591, gives
the required log cos x = 9.95587.

In the examples already given, the angles have all been less than 90. The

logarithms of trigonometric functions of angles greater than 90 may be obtained by

remembering the relations given in the following table:

Angle
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FORMULAS.

GENERAL TRIGONOMETRIC FORMULAS.

sin 2 a

sin ( /3)
= sin a cos /? cos a sin /? .

COS (a ;b /3)
= COS a COS /3 =p Sin. a gin /?.

tan a tan /?

sin 2 a =2 sin a cos a .

COS 2 a =COS 2 a sin 2 a = 1 2sln'a= 2 COS "a- 1.

2 tana
**u2a ^l^tiiPa-

sin 2 =H1 cos2a).
COS 2 a = J (1 -|- COS 2 a).

sin 2a

sin a+ sin = 2 sin J (<H- 0) cos f (a /?).

sin a sin y?
= 2 cos $ (a 4- (3) sin (a ^3).

cos a -f cos = 2cosJ(a-f-/9) cos J(o ^).

cos j3 cos o = 2sm J

sin 20 sin 2
/3
= cos 2

/3 cos * = sin (a -f } sin (a /S).

cos 2a sin 2^ =. cos (a -j- j8) cos (ap).

FORMULAS FOR PLANE TRIANGLES*

In these formulas
,
b and c denote the sides and A, B and C the opposite

angles. 1C denotes the area and s =s % (a -f- 6+ c). Only one formula of each set is

given, the other two may be obtained by advancing the letters.

(21)
a - -- =

sin A sin B sin G '

(22)
o+ 6 = ton H* + 3)
a 6 ton J (4 3).

(23) a2 == 5_j_ c2_
(24) o = 6 cos C+ c cos

60

exit
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(26) cosM =^|^.

(50)

(s a)
(27) tenM

(28) JT= <z 6 sin (7 = is (s a) (5 6)(s c).

FORMULAS FOB RIGHT SPHERICAL TRIANGLES.

Benoting the 'right angle by C, the formulas are

(29) sin a = sin J. sin c.

(30) sin 6 = sin B sin c.

(31) tan a cos J? tan c = tan J. sin 6.

(32) tan b = cosA tan c = tan B sin a.

(33) cos A= cos a sin B.

(34) cos 5 = cos 6 sin A.

(35) cos cr = cos a cos 6.

(36) cos c =- cot J. cot B.

FORMULAS FOR THE GENERAL SPHERICAL TRIANGLE.

cos a = cos 6 cos e+ sin 6 sin c cos A.

(37) sin a sin B = sin 6 sin J..

(38) sin a cos J5 = cos b sin c sin b cos c cos A.

(39) sin a cos C = cos c sin b sin c cos b cos J..

(40) si-n A cot J? = cot 6 sin c cos c cos A
(41) Sin A cot C == cot c sin 6 cos 6 cos A.

(42) sin A cos -6 cos B sin (7+ sin B cos (7 cos a.

(43) sin A cos c cos C sin _B -f sin C cos .# cos a.

(44) *sin a cot b = cot _Z? sin C -f cos (7 cos a.

(45) sin a cot c = cot (7 sin B + cos 5 cos a.

(46) cos J. = sinB sin (7 cos a cos B cos C.

Putting
a = J(a+ &+c) and fl-

sin B sin C
Uffnn

(51) cos a =
sin B sin

(52) tan \ a =

(53) sinM sin ^ (6 +.c)
= sin i a cos J (5 C).

(54) sin J. cos J (6+ c)
= =h cos J a cos J (5+ C7).

(55) cos J A sin$(6 c) dfc sin }asin * (B C).

(56) cosM cos J (6 c)
= rb cos J a sin } (B+ C).

(57) tan* J 1T= tan Js tan * (5 a) tan } (56) tan J (s c).
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FORMULAS RESULTING FROM THE METHOD OF LEAST SQUARES.

Formulas for Combining Observations and Determining Probable Errors.

1. Direct observations of a quantity: n separate results, ml ,mt} ...mn of

equal weight.

Most probable value of quantity, z =~ .

Residuals, z ml
= ^ ,

z m^ = v2> ... z m* vn .

Probable error of z , rQ = 0.6745 A /
^ vv ^

.

\ n (nl)

Probable error of a single observation, r = 0.6745 A I [^3. .

\ n l

2. Direct observations of a quantity: n separate results, ml ,
w2 ,

. . . mn of

unequal weights, Pi,p2 ,
. . . pn

Most probable value of quantity, z = \-Pm
*..

Probable error of z
, rQ db 0.6745

Probable error of an obs'n of weight unity, r = 0.6745 [P vv ~\
t

\ n 1

Weight of z, P = [p~\>

Relation of weights to probable errors, p l :p2
: . . : : j :

^
: . .

3. If Z = az
l

bz.2 : ... JtZn ,
and the probable errors and weights of z, ^z^...zn

are rlf r2 ,
. . . rn and plt p3i ...pn ,

then the probable error and weight of Z are given

by

P Pl P2

'

Pn'

4. In general, if Z =f (zl ,
z2 ,

. . . zn ), the probable error of Z is

r =
.

5. Direct observations of a function of a quantity z: the separate results,

w
x , m, ,

. . . mn of equal weight, and the form of the function, az. The observation

equations are

The most probable value of z and its probable error are

^_[om] r = 0.6745J i>^
[oo] \ [oo] (?i -1).

If the observations are of unequal weights, multiply the observation equations

through by the square roots of their respective weights, and proceed as before.

6. Direct observations of a function of twro quantities, w and z : the separate

*The symbols [ ] signify the sum of all similar quantities. Thus,

[ m ] EE wii + W2 + . . . + m .
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results, Wu ra2 ,
. . . mn of equal weights, and the form of the function, aw-{- bz. The

observation equations are

axw+ &i 2 + ??h = ,

,

anw+ bn z + w = .

The normal equations are

Let

Then the most probable values of w and z are given by

[am]^ ,

[aa] [ aa ]

The weights of w and z are

The probable error of a single observation (of weight unity) is

r = io

and the probable errors of ^ and ^ are

If the observations are of unequal weights, multiply the observation equations

through by the square roots of their respective weights and proceed as before.

7. Direct observations of a function of three quantities, x, y and z\ the

separate results. m1,m2 ....mw of equal weight, and the form of the function,

ax -\-~by-\- cz. The observation equations are

, =0,
-f ra2

=
,

y+ cn z+mtt
= .

The normal equations are

Let

=cca],



FORMULAS. 145

Then the most probable values of x, y and z are given by

[CM.2]

- [JTO.1]

[66.1] [6 6.1]'

Q6 ] ^ [acl^
37 r ,

H -~
f

r % i

[a a ] [aa] [a a ]

The weights of x, y and z are given by

jp. =[cc.2],

in which

The probable error of a single observation (of weight unity) is

r = 0.6745
3

and the probable errors of a?, # and z are

- r - r -
/
-

, ly /
- f lz /

m V Py V PZ

If the observations are of unequal weights multiply the observation equations

through by the square roots of their respective weights, and proceed as before.



CONSTANTS.

Mathematical and Astronomical Constants.

Base of natural logarithms e = 2.71828183
Modulus of common logarithms //

= 0.43429448
Radius of a circle in degrees f = 57.29578

" " " " minutes ?* = 3437.7468
" " " " seconds r = 206264.806

Circumference of a circle in degrees c = 360
" " " " minutes ... = 21600

Sine of one second

seconds c = 1296000

0.000004848137
^ = 3.14159265

-
=0.31830989

^ = 9.86960440

1/7T = 1.77245385

log.

0.43429448

9-63778431

1.75812263

3-53627388

5.31442513

2.55630250

4.334453/5

6.11260500

4.68557487

0.49714987

9.50285013

0.99429975

0.24857494

*/^
-y

-= 0.80599598 9.90633287

Mean solar days in a Julian year 365.25 2.5625902
" " " " sidereal "..... 365.25637 2.5625978
" " " "

tropical
"

365.24222 2.5625809
" " " " sidereal day 0.99726957 9.9988126

Sidereal
" " mean solar day 1.00273791 . 0.0011874

Number of seconds in a day 86400 4.9365137
" " " " sidereal year 31558150 7.4991115

Square root of the attractive force of the sun (Gauss) k = 0.01720210 8.235581.
" " " " " " in see's k 3548.18761 ^. 5500066

Time required for light to traverse the distance from
the earth to the sun, according to Struve . . 497". 78 2.6970374

Equatorial horizontal parallax, according to Xewcomb . 8 ".848 0.9468451

Aberration constant, according to Struve 2o"445i 1.3105892

Nutation constant, according to Peters 9".2236 + ".000009 (t 1850).

General precession, according to Struve 5o".2524-(-o".ooo2268 (t 1850).

Precession constants for the equator, accord- )

j
in = 46".o76s -f- ".0002849 (1850).

ing to Struve and Peters, (tropical year,) ) |
n 20^.0564 ".0000863 (t 1850).

Obliquity of the ecliptic, according to Struve ....
23 27' 30".76 0*4738 (t 1850) ".0000014 (i 1850)'.

Comparison of Linear Measures
log.

i English inch 0.02539977 metres 8.4048298

i
" foot 0.30479727

"
9.4840111

i
"

yard 0.91439180
"

9.9611323

i metre 3.28086933 English feet 0.5159889

i centimetre 0.39370432
" inches 9.5951702

i toise = 6 Paris feet 1.94903631 metres 0.2898199

i Paris foot = 12 Paris inches 0.32483938
"

9.5116687

i Paris inch = 12 Paris lines 0.02706995
"

8.4324874

i Paris line 0.00225583
'

7-3533062

cxlvi
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Compression, p = - = = 0.003342773

Dimensions of the Earth according to Bessel.

Semi-axis major ......... a = 3962.8025 English miles

20923597
" feet

6377397.15 metres

Semi-axis minor ......... & = 3949-5557 English miles

20853654
" feet

6356078.96 metres

2

*

g8

Eccentricity ........... 6 = 0.08169683

Quadrant of a meridian ...... Q = 10000855.76 metres

Dimensions of the Earth according to Clarke (1880).

Semi-axis major ......... a = 6378249.2 metres

Semi-axis minor ......... 6^6356515.0
"

Compression .... p =
293

*

465
= aoo34 756

Eccentricity ........... 6 = 0.0824831

Quadrant of a meridian ...... Q = 10001869 metres

log.

3.5980x324

7.3206363

6.8046435

3.5965482

7.3191822

6.8031893

7.5241069

8.9122052

7.0000372

log.

6.8047015

6.8032191

7-5324435

8.9163649

7.0000812

Constants for Reducing to and from the C. G. S. System of Measures.

i inch

i foot

i yard
i mile

= 2.5400 centimetres.

= 30-4797
= 91.4392
= 160933.

LENGTH.

i cm. = 0.39370 inches.

i = 0.032809 feet.

i = 0.010936 yards.

i
" = 6.2138 x io- 6 miles.

i naut. mile = 185230.

i square inch = 6.4516 square cm.

i square foot = 929.01

i square yard = 8361.13

i square mile = 2.59 X io10 "

r cubic inch = 16.387 cubic cm.

i cubic foot = 28316.

i cubic yard = 764535.
"

i gallon 4541.
"

i grain = 0.064799 grams,
i oz. avoir.= 28.3495

"

= 5.398 x nautical miles.

ilb. = 453-59

AREA.

i sq. cm. =0.1550 square inches,

i
" = 0.001076 square feet,

i
"

=0.0001196 square yards,
i

" = 3.861 x io-11
square miles.

VOLUME.

i cubic cm. = 0.06102 cubic inches,

i = 3.532 x io- 5 cubic feet,

i
" = 1.308 x io

-6 cubic yards,

i
" = 0.0002202 gallons.

MASS.

i gram = 15.432 grains,
i

" = 0.035274 oz. avoir,

i
" = 0.0022046 Ib.

"

VELOCITY AND ACCELERATION.

i foot per sec. = 30.4797 cm. per sec. i cm. per sec. = 0.032809 feet per sec.

i stat mile per hr. = 44.704
" "

i
" " = 0.022369 stat. miles per hr.

i naut. mile "
=51.453

" "
i

" " =0.01943 5 naut. miles per hr.

i km. per hour = 27.7778
" "

i
" " = 0.036 km. per hour.

i foot per sec. per sec. = 30.4797 cm. per sec. per sec.

i cm. per sec. per sec. = 0.032809 feet per sec. per sec.

DENSITY.

i Ib. per cubic foot = 0.016019 gm. per c. c. i gm. per c. c. = 62.426 Ib. per cubic foot,

i gr. per cubic inch = 0.003954
" " "

i
" " " = 252.88 gr. inch.
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> CONSTANTS.

FORCE IN ABSOLUTE MEASURE.

Weight of i gram = 981 dynes, i dyne = weight of 0.001019 grams.
"

i grain =63.57
"

-.

i
" = "

0.01573 grains.
i oz. avoir. = 2.78 X io4 "

i
" = "

3.597 x io- 5 oz. avoir,

ilb. " = 445Xio5 "
i

" = 2.247 xio- 6 lb.
"

i poundal = 13825. i
" = 7.2333 X io~ 5

poundals.

(The ratio of the poundal to the dyne is independent of g).

WORK AND EN3RGY IN ABSOLUTE MEASURE.

i gm. cm. = 981 ergs,

i kilogrammetre = 9.81 X io7 "

i foot-pound = i.356Xio
7 "

i foot-poundal = 421390.
"

i joule = io7
ergs.

erg = 0.001019 gramcentimetres.
" = 1.019 X io-8

kilogrammetres.
"

7-37 X io- 8
foot-pounds.

" = 2.3731 X io- 6
foot-poundals.

= io-7
joules.

( The ratio of the foot-poundal to the erg is independent of g ).

WORK IN GRAVITATION MEASURE.

i foot-ton 3.097 x io7 gm. cm. i gm. cm. = 6.494 x io- 8 foot-tons,

i foot-pound = 13825
"

i
" -

7.2331 X icr-5 foot-pounds,
i foot-grain = 1.975 i

" = 0.50632 foot-grains.

RATE OF WORKING IN ABSOLUTE MEASURE.

i horse-power = 7.46 x io9 ergs per sec. i erg per sec. = 1.34 X io- 10
horse-power,

i force-de-cheval = 7.36 x io9 " "
i

" " = 1.36 x io- 10 force-de-chev.

i watt =io7 " "
i

" " = io- 7 watts.

RATE OF WORKING IN GRAVITATION MEASURE.

i horse-power = 7.604Xio6
gm.cm.per sec. i gm.cm.persec.=i. 3151X10

7
horse-pow.

i force-de-chev.=7.5Xio
6 " "

i
" "

=1.3333X10
7 f.-cle-chev.

Other Physical Constants.

cubic inch of pure water, at 4 C, weighs 252.89 grains,

cubic foot of pure water, at 4 C, weighs 62.43 pounds,
cubic inch of mercury, at o C, weighs 3439 grains = 0.4913 pounds,
litre of dry air, at o C, pressure 760 mm., weighs 1.2932 grams,
cubic foot of dry air, at o C, pressure 760 mm., weighs 565.1 grains,

horse power= 550 foot Ibs. per sec. = 33000 foot Ibs. per miuute.

Force of gravity at the sea level for the latitude
</>,

in metres, g = 9.7810 + 0.0503 sin V;
in feet, g = 32.0902 +-0.1650 sin 2

0;

Length of seconds' pendulum at the sea level for the latitude <j>,

in metres, I = 0.99102+0.00510 sin V;
in inches, I = 39.0169 + 0.20080 sin z

<f>.

Velocity of light in vacuum, according to Michelson, ,.

^ u^ \j^ ^ <^
2Q6..944-kmT per sec. = 186378 miles per sec.

Velocity of sound in air,

in metres per sec., v = 331.7 i/ 1 + 0.003665 t, where t = degrees Cent,

in feet
" v= 1088.3j/ 1+0.002036(^-32),

"
t = " Fahr.

Difference of elevation,

in feet, II = 60360 (log P log p) (i + - *"

g

~ 64

)
, where P and p are the

barometric heights in inches, and T and t, the temperatures in degrees
Fahr. at the lower and upper stations respectively.
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